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One-Dimensional Finite Elements Based on
the Daubechies Family of Wavelets

Richard D. Patton* and Patrick C. Marks®
Mississippi State University, Mississippi State, Mississippi 39762-5925

The development of a one-dimensional finite element is traced utilizing a Daubechies scaling function as its
interpolation function. The element was developed to reduce the computational time and number of degrees of
freedom needed to solve vibration and wave propagation problems. This element is used in a dynamic test case,
and the results are compared with the results using a standard, constant strain, rod element. The results show a 5:1
reduction in required number of degrees of freedom and in the computational time needed for equivalent accuracy.

Introduction

ONVENTIONAL finite elements are formed using the

Rayleigh-Ritz method wherein polynomials are used as ap-
proximation functions. In most applications, constant strain or poly-
nomial strain elements are used.! To model a complex subject, addi-
tional elements are combined with the first, resulting in an approx-
imation of the required solution. This paper discusses a different
type of finite element, the wavelet finite element, in which a wavelet
approximation function is used.

The wavelet finite element was developed specifically for vibra-
tion problems and wave propagation analysis. The concept is that
the frequency response of the wavelet’s associated scaling function
models displacements from 0 Hz to a certain cutoff frequency and
thus models vibrations more accurately and with less CPU time than
conventional elements.

The finite element model of a vibrating object requires a certain
density of elements to accurately simulate vibratory response. This
element density is usually given in terms of the wavelength of the
highest frequency. The goal of this study is to derive a finite element
that will attain a high level of accuracy for a low mesh density as
compared with conventional finite elements.

Wavelets were used to solve the one-dimensional wave equation
by Bacry et al.2 Wavelets are used in solving a two-point boundary
problem by Beylkin.? Sarkar et al. present an investigation of the
application of wavelet-like triangular functions to finite elements.*
The interpolation functions exhibit the translation and dilation prop-
erties of wavelets but are not wavelets.

Finite elements were derived in Kurdila et al. based on wavelets
generated using affine, fractal interpolation functions and were ap-
plied to two-dimensional elasticity problems.® A wavelet-based
method for solving one-dimensional displacement problems was
introduced in Bertoluzza et al.®

Wavelet Background

A family of wavelets is composed of the scaling function and an
infinite number of wavelets. Because the frequency response of the
scaling function matches the frequency profile needed for vibration
analysis, this paper concentrates on finite elements using scaling
functions.

Scaling functions have two properties that make them valuable:
translation and orthonormality.
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Beginning with a base scaling function, scaling functions form
an orthonormal basis by creating translated scaling functions. These
are created by translating the scaling function by an integer.

If the base scaling function is denoted by ¢ (x), and has support
from [0,17] (i.e., is zero outside of the interval [0,17] ), then a
first translation would be ¢ (x — 1) and would have support on the
interval [1,18]. Translations take the general form of

d(x —n), n = integer @))

All scaling functions that are translated by an integer are orthonor-
mal to each other and to the base scaling function.

Scaling functions can have either a compact support or an infinite
support in the space domain. Infinite support scaling functions must
be truncated. In preliminary work for this paper, the truncation er-
ror caused unacceptable numerical errors. All compactly supported
scaling functions are called Daubechies scaling functions after their
discoverer, 1. Daubechies. The process of obtaining these scaling
functions is somewhat complex. For details on the formation of
scaling functions, the reader is referred to Daubechies.’

The formula for the length of the scaling function is 2n — 1,
where n is the order of the wavelet. Short scaling functions are con-
tinuous but not differentiable. The relatively long scaling function
used in this paper, support of [0,17], was chosen because it is twice
differentiable. It is ninth order and therefore is designated the 9¢.
The 9¢ scaling function is shown in Fig. 1. Daubechies gives addi-
tional scaling functions and wavelets, as well as the algorithm for
generating them.?

Application of Scaling Functions to Finite Elements

To formulate finite elements based on the Daubechies scaling
function, the Ritz method of variational approximation was used.”
The Ritz method provides an approximate solution to the weak form
of wave equation
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Fig.1 Daubechies 9¢) scaling function.
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where p is the mass density of the element, w(x, ¢) is the applied
load, and the displacement, u(x, t), is approximated by

. ,
ux, ) = Y GOEX) 3)

i=1

For proper selection of an approximation function, §; (x), the fol-
lowing conditions are usually observed:

1) & should be sufficiently differentiable, as required by the bi-
linear form of B(&;, &;).

2) &; should satisfy the boundary conditions of the problem.

3) For any N, the set {E,»},N:l along with the columns (and rows)
of B(¢;, §;) is linearly independent.

4) {&;} is complete.

Scaling functions satisfy all but the second condition. Scaling
functions span more than one element. Because of this, the scaling
function coefficients satisfy the conditions of continuity between
elements. The boundary conditions are applied using a restraint
matrix that imposes the boundary conditions on the solution to the
problem.

As stated earlier, a scaling function has a characteristic cutoff
frequency, wy. To illustrate, consider a rod 1 m long, divided into
100 elements (101 grid points). The length between grid points is
0.01 m. If a base scaling function of support [0, 17] were fitted to this
grid, it would begin at the zeroth grid point and end at the 17th grid
point, covering an interval [0, 0.17]. The rest of the grid can be filled
by translating the base scaling function. The first translation would
cover the interval [0.1, 0.18]. For a scaling function, the wavelength,
Ao, at the cutoff frequency is always 2 points/wavelength. In this
example,

A=2x0.01=0.02 @)
wy =2nwc/h =2n/0.02 x ¢ =100 x ¢ &)

where ¢ = wave speed.

By knowing the maximum frequency of excitation, the grid spac-
ing can be computed. This is the minimum number of points needed
for a crude model; more points are needed for an accurate model.
If w, is below the excitation frequency, the model has very little
response to the excitation.

The scaling function element stiffness matrix is formed using

1
d d
K,,,:AE/ ﬁ(x+17—i)—f(x+17—j)dx
y dx dx

1<i,j<17 (6)

The above equation results in a 17 x 17 element stiffness matrix.
The size of the overall stiffness matrix for a model is dependent on
the number of elements in the model and the support width of the
scaling function. Therefore

initial matrix size = number of elements -+ support width — 1

For example, a 100-element model would produce a 116 x 116
stiffness matrix.
The scaling function element mass matrix is formed using

1
M = p(,/ dx +17 =D (x+17 — j)dx
1]

I<ij=17 (D

The mass and stiffness matrices are both banded and symmetric.
The mass matrix is close to the identity matrix while the stiffness
matrix has a band width of 2/ — 1, where [ = support width. In this
example, the bandwidth is 33.

The boundary conditions are derived as follows. Seventeen scal-
ing functions impinge on any given point. In particular, at x = 0,
Eq. (3) yields the following for the displacement u:

0
w©,0 =Y [Coin$(=D)] ®

i=—16

At the left boundary, u(0, t) = 0; therefore

0

> [Coip(=D1 =0 ©

i=—16
Solving for Cy,; with the highest coefficient, Cy, _,, yields
—1 0
Con = 20 lii_z_m C(),i¢(—i):| 10

The left boundary condition Ry, is then formed by letting

Ry = [-1/oDIl9(16) ¢(15) -+ $(3)
¢y O 0 --- 0] an
For example, for a 100-element model, let
Co=1I[Co-16 Co-15 -+ Co-3 Co-1 Co]" (12)
Then
Co,2 = Ry, Cy (13)

At the right boundary, x = 100 and (100, ¢) = 0. Therefore, by
similar process,

Cos = Ry, Cy 14

Ry, and Ry, are inserted as extra rows in a 114 x 114 identity
matrix to yield R, a 116 x 114 restraint matrix.

The Cy vector of scaling coefficients can be converted into ei-
ther strains or displacements directly. To convert the coefficients to
displacements, the scaling function is used:

99

u(e, )=y CoO(x —i) (15)

i=—16

where u is the scaling function solution for displacement.
To convert the coefficients to strains, the derivatives are used:

99

d
€= co,,«(r)f(x - i) (16)

i=—16

Using the same 100 element example, the ith element of the Joad
vector L(¢), L; (1), is given by the following:

100
L,-(z):/ w(x, ¢ (x —i)dx, —-l16<i<99 17

0

where w(x, t) is the distributed load on the rod. For this exam-
ple, consider a sinusoidal load applied at x = 20. Therefore
w = §(20 — x) sin(wt). Then

100
L) = / 8(20 — x) sin{wt)p (x — i) dx (18)

0

Li(t) = ¢(20 — i) sin(wt) (19)
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Fig.2 Schematic of the rod model used in calculations.
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Fig.4 L; norm of the error vs normalized CPU time.

Results

Figure 2 shows the model used in the calculations. The rod has a
length of 100 units. The model is 100 units long with an excitation
force exerted 20 units from the left boundary. It is assumed that
E = A = p = 1, Thus, ¢ = 1. The model was excited at a
frequency of /10, yielding a wavelength of 20.

Using the L, norm of the error, the accuracy and computational
speed of a model composed of scaling function elements and one
composed of lumped mass rod elements were compared. Figure 3
shows a plot of the L, norm of the error at time ¢ = 50 vs the number
of degrees of freedom (DOF) for both models. The scaling function-
based elements offer approximately a 5:1 decrease in number of
DOF for the same accuracy.

In Fig. 4, the relationship between the L, norm of the error at
time t = 50 and the normalized CPU time is shown. The scaling

function elements show a substantial decrease (approximately 5:1)
in CPU time for a similar error.

Conclusions

A one-dimensional wavelet finite element based on the
Daubechies 9¢ scaling function was developed. The resulting el-
ement yields an approximately 5:1 reduction in the number of DOF
required to model a vibrating object compared with rod elements.
Additionally, for comparable error, the scaling function-based ele-
ment yields approximately a 5:1 reduction in CPU time vs the rod
element.
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